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Mechanical strain energy release rateThe purpose of the present work is to study the mixed mode fracture of a piezoelectric–piezomagnetic
composite with two un-coaxial cracks parallel to the interface and each in a layer. Methods of generalized
dislocation simulation, Green’s function, Cauchy singular integral equation and Lobatto–Chebyshev col-
location are combined together to get the numerical results of mechanical strain energy release rate
(MSERR). Three kinds of effects are revealed by parametric studies, i.e., the free-surface effect, the shield-
ing effect and the interference effect, and they are used to interpret the characteristics of COD and MSERR
curves. In addition, the effects of shear loading, magnetic loading and electric loading on MSERR are also
disclosed, respectively, by varying the corresponding loading factor.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
Multiferroic composites are a kind of advanced smart materials
developed in recent years that have not only piezoelectricity and
piezomagneticity but also magnetoelectric coupling effect (Spaldin
and Fiebig, 2005; Eerenstein et al., 2006). Such magnetoelectric
coupling makes multiferroic composites applicable under not only
electric but also magnetic loadings, and thus gives versatility to re-
lated smart devices. In the last two decades, a lot of investigations
have been paid to the enhancement of such magnetoelectric cou-
pling (Nan et al., 2008). It was found that the magnetoelectric cou-
pling capacity of multiferroic composites consisting of alternative
electrostrictive layers and magnetostrictive layers is generally
much higher than that of particulate multiferroic composites at
room temperature (Ryu et al., 2001). Due to this reason, layered
structures have been widely adopted in the design of this kind of
smart composites.
Commercially availablemultiferroicmaterials are generally brit-
tle artiﬁcial ceramics; therefore, fracture is a typical failure mode of
them. For layered multiferroic composites, there are at least two
kinds of possible fracture problems that may appear in engineering,
i.e., the interfacial fracture and the intra-layer fracture. Li and Lee
(2010a) studied the single-crack problem and Li et al. (2012) ana-
lyzed the multiple-crack problem, respectively, of the interface in
a bi-layered multiferroic composite, and explained the fracture
behavior through the mechanisms of active and passive deforma-
tion, magnetomechanical and electromechanical coupling, andpiezomagnetic and piezoelectric stiffening. Li and Lee (2010b) also
investigated themagnetostrictive fracture of the interface in a cylin-
drical multiferroic composite. Li et al. (2011a) studied the cracking
of the interface end of a multiferroic semicylinder. Wan et al.
(2012) surveyed the problemof periodic-interface cracks in amulti-
layered multiferroic composite and ﬁnally reduced it to a single
interface crack in a bi-material structure by considering the periodic
condition of displacement. Compared with the interfacial fracture
problems, the intra-layer fracture has been rarely studied. Li and
Lee (2011b) performed fracture analysis on a bi-layeredmultiferroic
composite with two anti-plane cracks parallel to the interface and
each in a layer, and for thepurpose of simplicity, the two crackswere
modeled to be coaxial, i.e., the line going through their centers is per-
pendicular to the cracks. In all these papers, both the magnetic per-
meability of the electrostrictive layer and the dielectric coefﬁcient of
the magnetostrictive layer were assumed to be negligible. In fact,
these two constants of practical multiferroic materials may have
non-vanishing values in general cases (Huang and Kuo, 1997). Be-
sides, the multiferroic composites in these papers are supposed to
be polarized in a direction parallel to the top and bottom surfaces.
However, layeredmultiferroic devices inmost cases are poled along
the thickness direction (Filippov, 2004). Therefore, in the fracture
analyses of layered multiferroic composites, it is of both practical
and theoretical interest to take into consideration the more general
relative location between cracks, the more reasonable values of
material constants and themorewidely-usedpolarizationdirection.
Based on the work of Li et al. (2011b), the present paper contin-
ues to study a more general and complex problem. Here, three new
assumptions are adopted: (a) the two intra-layer cracks are non-
coaxial; (b) both the magnetic permeability of the piezoelectric
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non-vanishing values; (c) the composite is polarized along the
thickness direction and loaded in the cross section. These three
assumptions makes the present theoretical model more practical
than that of Li et al. (2011b), and the assumption (c) further gives
mixed-mode nature to the fracture behavior, which is obviously
more complex than the anti-plane case in Li et al. (2011b). There-
fore, the present work has more signiﬁcance in both engineering
and theoretical sense.
In addition, for mode-I or I-II (mixed mode) crack problems in
piezomagnetic and/or piezoelectric multiferroic composites, it is
inevitably to solve a group of partial differential governing equa-
tions, which generally have complex eigenvalues and eigenvectors.
Fracture analysis directly based on such complex eigenvalues and
eigenvectors would become quite troublesome. To avoid such trou-
bles in theoretical derivation and thus to focus our concerns on
fracture-behavior investigation, the real fundamental solutions
developed by Li et al. (2011c) are adopted to treat the present
mixed-mode problem. The methods of generalized dislocation sim-
ulation, Green’s function and Cauchy singular integral equations
are combined together to solve the present fracture problem.
Mechanical strain energy release rate is adopted as the fracture
parameter, and its numerical results are used to discuss and reveal
the laws of fracture behavior.
2. Problem formulation
Shown in Fig. 1 is a multiferroic composite consisting of a piezo-
magnetic layer and a piezoelectric layer, whose thickness are h1
and h2, respectively. There are two cracks in the composite, parallel
to the interface and each in a layer. The distances between the
interface and the cracks are d1 and d2, and the horizontal space be-
tween the two cracks is c. A rectangular coordinate system is set up
with the rightward x-axis along the interface and the upward z-
axis along the thickness direction, and the y-axis is determined
by the right-hand rule. The abscissas of the left and right tips of
the two cracks are denoted by ai and bi (i ¼ 1;2), respectively.
Herein and hereafter, subscript/superscript 1 stands for the quan-
tities of the piezomagnetic layer, and 2 for those of the piezoelec-
tric layer.
Assume that the composite in Fig. 1 is polarized along the z-axis
and has isotropy in the xoy plane (i.e., transverse isotropy). Then,
the deformation is coupled with magnetic/electric ﬁeld in the xoz
plane, according to the piezomagnetic/piezoelectric theory (Yang,
2005). In the case of plane strain, the basic equations of the two
layers are
rðiÞx ¼ cðiÞ11 @ui@x þ cðiÞ13 @wi@z þ d1ih31 @ui@z þ d2ie31 @/i@z
rðiÞz ¼ cðiÞ13 @ui@x þ cðiÞ33 @wi@z þ d1ih33 @ui@z þ d2ie33 @/i@z
sðiÞzx ¼ cðiÞ44 @wi@x þ @ui@z
 þ d1ih15 @ui@x þ d2ie15 @/i@x
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Fig. 1. A multiferroic composite with two intra-layer cracks parallel to the
interface.BðiÞx ¼ d1ih15 @wi@x þ @ui@z
  lðiÞ11 @ui@x
BðiÞz ¼ d1i h31 @ui@x þ h33 @wi@z
  lðiÞ33 @ui@z
)
ð2Þ
DðiÞx ¼ d2ie15 @wi@x þ @ui@z
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DðiÞz ¼ d2i e31 @ui@x þ e33 @wi@z
  eðiÞ33 @/i@z
)
ð3Þ
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where i ¼ 1;2. u and w are mechanical displacements in the x-axis
and z-axis directions, respectively; u and / the magnetic potential
and electric potential; r, s, B and D the normal stress, shear stress,
magnetic induction and electric displacement; c11, c13, c33 and c44
the elastic constants; l11 and l33 the magnetic permeability; e11
and e33 the dielectric coefﬁcients; h15, h31 and h33 the piezomagnetic
coefﬁcients; e15, e31 and e33 the piezoelectric coefﬁcients; dij the
Kronecker delta that is 1 when its two subscripts are identical
and 0 otherwise.
Substituting Eqs. (1)–(3) into Eq. (4) yields the governing
equations
cðiÞ11
@2ui
@x2 þ c
ðiÞ
44
@2ui
@z2 þ c
ðiÞ
13 þ cðiÞ44
h i
@2wi
@x@z þ d1iðh31 þ h15Þ @
2ui
@x@z þ d2iðe31 þ e15Þ @
2/i
@x@z ¼ 0
cðiÞ33
@2wi
@z2 þ c
ðiÞ
44
@2wi
@x2 þ c
ðiÞ
13 þ cðiÞ44
h i
@2ui
@x@zþ d1i h15 @
2ui
@x2 þ h33 @
2ui
@z2
 
þ d2i e15 @
2/i
@x2 þ e33 @
2/i
@z2
 
¼ 0
9>=>;
ð5Þ
h15
@2w1
@x2 þ h33 @
2w1
@z2 þ ðh15 þ h31Þ @
2u1
@x@z  lð1Þ11 @
2u1
@x2  l
ð1Þ
33
@2u1
@z2 ¼ 0
e15
@2w2
@x2 þ e33 @
2w2
@z2 þ ðe15 þ e31Þ @
2u2
@x@z  eð2Þ11 @
2/2
@x2  e
ð2Þ
33
@2/2
@z2 ¼ 0
9=; ð6Þ
eð1Þ11
@2/1
@x2
þ eð1Þ33
@2/1
@z2
¼ 0 ð7Þ
lð2Þ11
@2u2
@x2
þ lð2Þ33
@2u2
@z2
¼ 0 ð8Þ
where i ¼ 1;2.
Assume that the cracks are magnetically and electrically imper-
meable (Alshits et al., 1992; Wang and Mai, 2004), the crack sur-
faces are applied by equivalent magneto-electro-mechanical
loadings, and the top and bottom surfaces are free of loading. Then,
the boundary conditions can be stated as
rð1Þz ðx;h1Þ ¼ 0; rð2Þz ðx;h2Þ ¼ 0 ð9Þ
u1ðx;0Þ ¼ u2ðx;0Þ; rð1Þz ðx;0Þ ¼ rð2Þz ðx;0Þ ð10Þ
rð11Þz ðx;d1Þ ¼ rð12Þz ðx;d1Þ ð11Þ
rð21Þz ðx;d2Þ ¼ rð22Þz ðx;d2Þ ð12Þ
u11ðx; d1Þ ¼ u12ðx;d1Þ; x 2 ð1; a1 [ ½b1;þ1Þ ð13Þ
u21ðx;d2Þ ¼ u22ðx;d2Þ; x 2 ð1; a2 [ ½b2;þ1Þ ð14Þ
rð1Þz ðx;d1Þ ¼ r0; x 2 ða1; b1Þ ð15Þ
rð2Þz ðx;d2Þ ¼ r0; x 2 ða2; b2Þ ð16Þ
where rz ¼ ½rz szx Bz DzT, r0 ¼ ½r0 s0 B0 D0T and
u ¼ ½u w u /T. The quantities in regions 0 6 z 6 h1; h2 6
z 6 0; d1 6 z 6 h1; 0 6 z 6 d1; d2 6 z 6 0 and h2 6 z 6 d2 are
identiﬁed by superscripts/subscripts 1, 2, 11, 12, 21 and 22, respec-
tively. It deserves noting that the same equivalent loading r0 is
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treatment is explained in Appendix A.
3. Fracture analysis
3.1. Generalized dislocation simulation
The two cracks in Fig. 1 can be simulated by continuously dis-
tributed generalized dislocations (Li and Lee, 2010c), whose den-
sity functions are
gð1Þu ðxÞ ¼
d
dx ½u11ðx;d1Þ  u12ðx;d1Þ; x 2 ða1; b1Þ
0; x 2 ð1; a1 [ ½b1;1Þ
(
ð17Þ
gð2Þu ðxÞ ¼
d
dx ½u21ðx;d2Þ  u22ðx;d2Þ; x 2 ða2; b2Þ
0; x 2 ð1; a2 [ ½b2;1Þ
(
ð18Þ
where gu ¼ ½gu gw gu g/T. It is found from Eqs. (17) and (18)
that Eqs. (13) and (14) are satisﬁed automatically.
To obtain the generalized stress ﬁeld induced by the continu-
ously distributed generalized dislocation, one needs to solve the
problem of generalized point dislocation ﬁrst. For this purpose,
the two cracks in Fig. 1 are replaced by two generalized point dis-
locations (Li and Lee, 2010c and 2010d), respectively
d
dx
½u11ðx; d1Þ  u12ðx; d1Þ ¼ 12 ½a1ðxÞ þ b1ðxÞg
ð1Þ
u ðs1Þ ð19Þ
d
dx
½u21ðx2;d2Þ  u22ðx2;d2Þ ¼ 12 ½a2ðxÞ þ b2ðxÞg
ð2Þ
u ðs2Þ ð20Þ
where
ajðxÞ ¼ dðxþ sjÞ þ dðx sjÞ; bjðxÞ ¼ dðx sjÞ  dðxþ sjÞ; ðj ¼ 1;2Þ. d
is the Dirac delta function. s1 and s2 are the abscissas of the two gen-
eralized point dislocations.
3.2. Singular integral equations
Because a1ðxÞ and a2ðxÞ are even functions, and b1ðxÞ and b2ðxÞ
are odd functions, the problem of generalized point dislocation can
then be divided into a symmetric part and an anti-symmetric one.
For convenience, the two point dislocations deﬁned by Eqs. (19)
and (20) are called point sources I and II, respectively. The total
generalized displacement induced by them are
ukðx; zÞ ¼ uðkÞs ðx; zÞ þ uðkÞa ðx; zÞ; ðk ¼ I; IIÞ ð21Þ
where subscripts s and a represent the symmetric and anti-sym-
metric parts, and superscripts/subscripts I and II stand for point
sources I and II. In the symmetric problem, wðkÞs , u
ðkÞ
s and /
ðkÞ
s
(k ¼ I; II) are even functions of x, but uðkÞs (k ¼ I; II) are odd. In the
anti-symmetric problem, wðkÞa , u
ðkÞ
a and /
ðkÞ
a (k ¼ I; II) are odd, but
uðkÞa (k ¼ I; II) are even.
Applying Fourier integral transform to Eqs. (5)–(8) and per-
forming eigenvalue and eigenvector analysis (Li et al., 2011c),
one can obtain
wðiÞk ðn; zÞ ¼
X6
n¼1
AðiÞknU
ðiÞ
knðn; zÞ ð22Þ
/ð1Þk ðn; zÞ ¼ Að1Þk7 eenz þ Að1Þk8 eenz
uð2Þk ðn; zÞ ¼ Að2Þk7 elnz þ Að2Þk8 elnz
)
ð23Þ
where i ¼ 1;2; k ¼ s; a; AðiÞkn (i ¼ 1;2; k ¼ s; a; n ¼ 1;2; . . . ;8) are
undetermined coefﬁcients; Uð1Þkn ¼ Uð1Þkn W ð1Þkn Wð1Þkn
h iT
and
Uð2Þkn ¼ Uð2Þkn W ð2Þkn Uð2Þkn
h iT
(k ¼ s; a; n ¼ 1;2;    ;6) are real-numbervectors depending on the real and imaginary parts of the eigen-
values and eigenvectors of Eqs. (5) and (6) in the Fourier integral
transform domain (Li et al., 2011c); e ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
eð1Þ11 =e
ð1Þ
33
q
; l ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
lð2Þ11 =l
ð2Þ
33
q
;
wð1Þk ¼ uð1Þk wð1Þk uð1Þk
h iT
; wð2Þk ¼ uð2Þk wð2Þk /ð2Þk
h iT
. wðiÞs , u
ð1Þ
s , /
ð2Þ
s
and uðiÞa stand for the cosine integral transforms of the associated
quantities, while uðiÞs , w
ðiÞ
a , u
ð1Þ
a and /
ð2Þ
a represent the sine integral
transforms.
Applying inverse transform to Eqs. (22) and (23), and then add-
ing uðiÞs ðn; zÞ and uðiÞa ðn; zÞ (i ¼ 1;2) together, one can obtain the gen-
eralized displacement uiðx; zÞ (i ¼ 1;2). Substituting the
generalized displacement into Eqs. (1)–(3), one arrives at the
expression of generalized stress rðiÞz ðx; zÞ (i ¼ 1;2).
Putting the generalized displacement and stress into Eqs. (9),
(10), (11), and (19), separating the odd and even parts, and apply-
ing sine or cosine integral transform, one obtains a system of alge-
braic equations, from which the expressions of AðiÞkn (i ¼ 1;2;
k ¼ s; a; n ¼ 1;2;    ;8) can be determined. Substituting these
expressions into the generalized stress, one can obtain the corre-
sponding Green’s functions at z ¼ d1 and z ¼ d2 induced by point
source I. Multiplying Green’s functions by the associated general-
ized dislocation density functions, and then integrating such prod-
uct terms on the interval ½a1; b1, one gets the generalized stress
induced by the continuously distributed generalized dislocation
in Eq. (17). Similarly, based on Eqs. (9), (10), (12), and (20), one
can also obtain the generalized stress produced by the continu-
ously distributed generalized dislocation in Eq. (18). By superposi-
tion, one can get the total generalized stress at the locations of
z ¼ d1 and z ¼ d2 simultaneously induced by the continuously
distributed generalized dislocations in Eqs. (17) and (18).
rð1Þz ðx;d1Þ ¼ 1p
X2
i¼1
R bi
ai
Lðk1Þðx; siÞgðiÞu ðsiÞdsi
rð2Þz ðx;d2Þ ¼ 1p
X2
i¼1
R bi
ai
Lðk2Þðx; siÞgðiÞu ðsiÞdsi
9>>=>>>; ð24Þ
where i ¼ 1 when k ¼ I, and i ¼ 2 if k ¼ II. LðIjÞ and LðIIjÞ (j ¼ 1;2) are
4 4 square matrices of Green’s functions that have the form of
inﬁnite integrals (see Appendix B). The superscripts/subscripts I
and II are used to identify the continuously distributed generalized
dislocations described by Eqs. (17) and (18), respectively.
Considering the asymptotic behaviors of the Green’s functions
as n! þ1 (Wang et al., 2009; Zhong et al., 2009), one can recast
Eq. (24) into the following form
rð1Þz ðx;d1Þ ¼ 1p
X2
i¼1
R bi
ai
Rðk1Þðx; siÞ  1sixP
ðk1Þ
h i
gðiÞu ðsiÞdsi
rð2Þz ðx;d2Þ ¼ 1p
X2
i¼1
R bi
ai
Rðk2Þðx; siÞ  1sixP
ðk2Þ
h i
gðiÞu ðsiÞdsi
9>>>=>>; ð25Þ
where i ¼ 1 when k ¼ I, and i ¼ 2 if k ¼ II. Rðk1Þ, Rðk2Þ, Pðk1Þ and Pðk2Þ
are 4 4 square matrices given in Appendix C.
Using the generalized stresses in Eq. (25), one can ﬁnally re-
write the boundary conditions in Eqs. (15) and (16) into a system
of Cauchy singular integral equations
1
p
X2
i¼1
Z þ1
1
eRðkjÞ exj;esi  a0iPðkjÞa0iesi þ c0i  a0jexj  c0j
" #egðiÞu ðesiÞdesi ¼ r0
ð26Þ
where j ¼ 1;2. i ¼ 1 when k ¼ I, and i ¼ 2 if k ¼ II. a0i ¼ ðbi  aiÞ=2
(i ¼ 1;2) is the half length of the ith crack, and c0i ¼ ðbi þ aiÞ=2
(i ¼ 1;2) is the abscissa of the center of the ith crack.esi ¼ ðsi  c0iÞ=a0i; exj ¼ ðx c0jÞ=a0j; eRðkjÞðexj;esiÞ ¼ a0iRðkjÞða0jexjþ
c0j; a0iesi þ c0iÞ; egðiÞu ðesiÞ ¼ gðiÞu ða0iesi þ c0iÞ.
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and the single-value conditions can be transformed into a system
of algebraic equations (Erdogan, 1975; Theocaris and Ioakimids,
1977)
XN
r¼0
X2
i¼1
eRðkjÞ exjt ;esir  a0iPðkjÞ
a0iesirþc0ia0jexjtc0j
 
frX
ðiÞ
u esirð Þ ¼ Nr0
XN
r¼0
frX
ðiÞ
u
esirð Þ ¼ 0
9>>=>>>; ð27Þ
where j ¼ 1;2. i ¼ 1 when k ¼ I, and i ¼ 2 if k ¼ II. N is the node
number of quadrature. t ¼ 1;2;    ;N; f0 ¼ fN ¼ 1=2; f1 ¼    ¼
fN1 ¼ 1. The discrete values of esi and exj are the roots of the ﬁrst
and second kinds of Chebyshev polynomials, i.e., esir ¼ cosðrp=NÞ,
ðr ¼ 0;1;    ;NÞ; exjt ¼ cos½ð2t  1Þp=ð2NÞ, ðt ¼ 1;2;    ;NÞ.
XðiÞu ðesiÞ ¼ egðiÞu ðesiÞ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ1 es2iq , (i ¼ 1;2), and XðiÞu ¼ ½XðiÞu XðiÞw XðiÞu XðiÞ/ T.
3.3. Fracture parameters
For I-II mixed mode cracks in piezomagnetic/piezoelectric
materials, the frequently used fracture parameters are energy re-
lease rates, including the total energy release rate (TERR) and the
mechanical strain energy release rate (MSERR). It is found that
the MSERR based fracture criterion is generally safer than that
based on TERR (Park and Sun, 1995). Therefore, MSERR is chosen
as fracture parameter here, and it is deﬁned as (Zhong and Lee,
2011)
GðjÞm ¼
1
2
KðjÞs K
ðjÞ
CSD þ KðjÞr KðjÞCOD
h i
ð28Þ
where j ¼ a1; b1; a2; b2, standing for the four crack tips, respectively.
Kr;Ks;KCOD and KCSD are the four intensity factors of normal stress,
shear stress, crack opening displacement and shear displacement,
which can be determined by
KðaiÞr ¼  qðkiÞ12 XðiÞw ð1Þ þ qðkiÞ13 XðiÞu ð1Þ þ qðkiÞ14 XðiÞ/ ð1Þ
h i ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pa0i
p
KðbiÞr ¼ qðkiÞ12 XðiÞw ð1Þ þ qðkiÞ13 XðiÞu ð1Þ þ qðkiÞ14 XðiÞ/ ð1Þ
h i ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pa0i
p
KðaiÞs ¼ qðkiÞ21 XðiÞu ð1Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pa0i
p
; KðbiÞs ¼ qðkiÞ21 XðiÞu ð1Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pa0i
p
9>>=>>;
ð29ÞKðaiÞw ¼ XðiÞw ð1Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pa0i
p
=2; KðbiÞw ¼ XðiÞw ð1Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pa0i
p
=2 ð30Þ
where i ¼ 1;2. i ¼ 1 when k ¼ I, and i ¼ 2 if k ¼ II.
Kw ¼ ½KCSD K CODT; Xw ¼ ½Xu Xw T. After the numerical solutions
of Xð1Þu ðes1Þ and Xð2Þu ðes2Þ are obtained by solving Eq. (27), the numer-
ical results of MSERR can then be calculated from Eqs. (28)–(30).Table 1
Material constants of CoFe2O4 (Xue and Liu, 2010).
c11 c13 c33 c44 h31 h33
109 N=m2 N=ðAmÞ
286 170.5 269.5 45.3 580.3 699.7
Table 2
Material constants of BaTiO3 (Xue and Liu, 2010).
c11 c13 c33 c44 e31 e33
109 N=m2 C=m2
166 78 162 43 4.4 18.64. Numerical results and discussion
For multiferroic composites, CoFe2O4 is widely used as the
piezomagnetic phase and BaTiO3 the piezoelectric one (Zheng
et al., 2004; Zhou et al., 2011). In this section, we suppose that
the composite in Fig. 1 consists of these two materials, and their
constants are given in Table 1 and Table 2 (Xue and Liu, 2010). In
computation, it is assumed that r0 = 5 MPa and
s0 ¼ ksr0; B0 ¼ kbr0h33=cð1Þ33 ; D0 ¼ kdr0e33=cð2Þ33 ð31Þ
where ks; kb and kd are dimensionless loading factors of shear stress,
magnetic induction and electric displacement (Li and Lee, 2010d),
respectively.4.1. Computational accuracy
The computational accuracy of the numerical solutions of Eq.
(27) depends on two factors. One is the calculation of kernel func-
tion matrices eRðIjÞðexj;es1Þ and eRðIIjÞðexj;es2Þ (j ¼ 1;2) and the other is
the choice of node number N. During computation, the inﬁnite
integral interval ½0;þ1Þ of the kernel functions is truncated as
½0;M, and M is determined according to their convergence speed.
Computation indicates that the convergence speed of kernel func-
tions mainly depends on the positional parameters of cracks. When
the cracks are near to the interface or surface, the kernel functions
convergence slowly; however, if they are far away from the inter-
face or surface, the kernel functions convergence fast. Relatively
speaking, the effects of the crack half length and the horizontal
space between the two cracks on the convergence speed of kernel
functions are negligible. It is found thatM = 30,000 is generally en-
ough to guarantee a precision of 1:0 105 for the kernel
functions. In addition, computation indicates that MSERR conver-
gences quite fast with the increasing node number, and N = 10 is
commonly enough to yield an accuracy of 1:0 106 for MSERR.4.2. Effects of geometrical parameters
4.2.1. Effects of the positional parameter of crack
Under the assumption that d1 ¼ d2 ¼ d0; c ¼ 0mm;h1 ¼ h2 ¼
h0 ¼ 50mm;kb ¼ kd ¼ 2 and ks ¼ 0, Fig. 2 shows the effect of posi-
tional parameter of crack on MSERR, in which ed0 ¼ d0=h0. It is seen
that if the cracks are near to the interface (i.e., ed0 ! 0), MSERR de-
creases with the decreasing ed0, indicating that two adjacent and
parallel cracks have shielding effect on each other even if there is
an interface in between. When the two cracks are near to the sur-
face (i.e., ed0 ! 1), MSERR increases with the increasing ed0, indicat-
ing that a free surface has anti-shielding effect on the cracks in its
near vicinity. If the cracks are relatively far away from the interface
and surface, the variation of ed0 nearly has no effect on MSERR.h15 e11 e33 l11 l33
109 C2=ðNm2Þ 106 Ns2=C2
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Fig. 2. Effects of the positional parameter of cracks on MSERR. (kb ¼ kd ¼ 2; ks ¼
0; h0 = 50 mm; c = 0 mm).
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3614 Y.-D. Li et al. / International Journal of Solids and Structures 50 (2013) 3610–3617Fig. 2 also reveals the shielding effect and free-surface effect in
the cases of two cracks with different lengths. For two parallel,
adjacent and coaxial (i.e., c ¼ 0 mm) cracks, if they have identical
lengths, their tips will be subjected to the same shielding effect;
however, if their lengths are unequal, the shorter crack will be
shielded more remarkably. In addition, if the two cracks are near
to the free surface, the free-surface effect for the longer crack will
be more notable.
After the numerical solutions of the generalized dislocation
density functions are obtained, the crack opening displacement
(COD) can be calculated by numerical integration on Eqs. (17)
and (18). To further display the effect of positional parameter of
crack, Fig. 3 illustrates the COD curves of the two cracks when
kb ¼ kd ¼ 2; ks ¼ 0;h0 ¼ 50mm;c ¼ 0mm anda02 ¼ a01 ¼ 1mm. It
is indicated that if the cracks are near to the interface (i.e.,ed0 ! 0) or free surface (i.e., ed0 ! 1), the COD curve is sensitive
to the variation of crack position. However, when the cracks are
far away from the interface and free surface, the COD becomes
insensitive to the variation of crack position. For example, the
COD curves overlap in the two cases of ed0 = 0.4 and 0.6. Obviously,
the effect of the positional parameter of crack on COD is consistent
with its inﬂuence on MSERR.
4.2.2. Effects of the horizontal space between two cracks
When kb ¼ kd ¼ 2; ks ¼ 0;h1 ¼ h2 ¼ 50mm and d1 ¼ d2 ¼ 1mm,
Fig. 4 displays the effect of horizontal space c between the two
cracks on MSERR. It is indicated that the MSERR of tips a2 and b1
varies similarly with the horizontal space c, and so does that of tips
a1 and b2. The variation of MSERR mainly depends on the compe-
tition between two effects, i.e., the shielding effect between paral-
lel cracks and the interference effect between the inner tips of two
adjacent cracks. As is known, the shielding effect will reduce the
MSERR, but the interference effect will enhance it instead.=0.98    
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Fig. 7. Effect of magnetic loading factor on MSERR. (h1 ¼ h2 = 50 mm;
d1 ¼ d2 = 25 mm; a02 = 2 a01 = 2 mm; c = 10 mm; ks = 0; kd = 0).
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As c increases from zero, tips a2 and b1 gradually become the in-
ner tips of the two parallel cracks (see Fig. 5). During this process,
there are three typical stages in the variation of their MSERR. (a)The ﬁrst stage. At the initial stage, c increases from zero, and tips
a2 and b1 move from outside to the middle part of the two adjacent
cracks. Their MSERR reduces because the shielding effect plays a
dominant role, but the interference effect either may not appear
or is weaker. (b) The second stage. After MSERR decreases to a min-
imal value, the shielding effect weakens until it disappears, but the
interference effect between inner tips is gradually enhanced,
resulting in an increase of MSERR of the inner tips. (c) The third
stage. After MSERR increases to a maximal value, the interference
effect weakens until it disappears; therefore, the MSERR of inner
tips gradually reduces to a stable value ﬁnally.
 Variation of MSERR of outer tips
As c increases from zero, tips a1 and b2 are always outer tips, and
there are two typical stages in the variation of their MSERR. (a) The
ﬁrst stage. There are two factors leading to the increase of MSERR of
the outer tips at the initial stage. On one hand, as c increases from
zero, the shieldingon theouter tips becomesweaker andweaker un-
til it disappears. On the other hand, when c is larger than a certain
critical value, the interference effect arises, and the interference be-
tween the inner tips may also cause the MSERR of the outer tips to
experience an increase (Li and Lee, 2010c). (b) The second stage.
After MSERR increases to a maximal value, the interference effect
between inner tips begins to weaken until it disappears; therefore
the MSERR of the outer tips reduces gradually to its stable value.
In addition, if the horizontal space c is enough large, both the
left and right tips of the same crack will be subjected to no effects
of shielding and interference; thus their MSERR have the same sta-
ble value.
4.3. Effects of loading factors
The effects of the three loading factors ks, kb and kd on MSERR
are studied in this section. Here, the plus and minus signs of the
loading factors only represent the direction of the corresponding
equivalent loading on the crack surfaces.
4.3.1. Effects of shear loading factor
When h1 ¼ h2 ¼ 50mm;d1 ¼ d2 ¼ 25mm;a02 ¼ 2a01 ¼ 2mm;c ¼
10mm;kb ¼ 0 and kd = 0, Fig. 6 shows the effect of shear loading
factor ks on MSERR. It is seen that MSERR increases with the
increasing ks. In addition, the curve of MSERR is symmetric about
ks ¼ 0, indicating that the variation of MSERR is independent of
the direction of the equivalent shear loading.
4.3.2. Effects of magnetic loading factor
When h1 ¼ h2 = 50 mm, d1 ¼ d2 = 25 mm, a02 = 2 a01 = 2 mm,
c = 10 mm, ks = 0 and kd = 0, the effect of magnetic loading factor
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Fig. 8. Effect of electric loading factor on MSERR. (h1 ¼ h2 = 50 mm; d1 ¼ d2 =
25 mm; a02 = 2 a01 = 2 mm; c = 10 mm; ks = 0; kb = 0).
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Fig. 9. Intra-layer fracture of a multiferroic composite in homogeneous magnetic/
electric ﬁeld.
3616 Y.-D. Li et al. / International Journal of Solids and Structures 50 (2013) 3610–3617kb on MSERR is shown in Fig. 7. It is found that the crack in the
piezomagnetic layer is sensitive to the variation of kb, but that in
the piezoelectric layer is insensitive to it. As kb increases, the
MSERR of the crack in the piezomagnetic layer goes up linearly,
which is consistent with the results of Li and Lee (2010d).4.3.3. Effects of electric loading factor
Under the assumption that h1 ¼ h2 = 50 mm, d1 ¼ d2 = 25 mm,
a02 = 2 a01 = 2 mm, c = 10 mm, ks = 0 and kb = 0, Fig. 8 illustrates
the effect of electric loading factor kd on MSERR. As expected, the
increase of kd does not affect the crack in the piezomagnetic layer,
but it results in a remarkable linear growth of MSERR of the crack
in the piezoelectric layer, which agrees with the ﬁndings of Li and
Lee (2010c, 2010d).5. Conclusions
The mixed mode fracture problem is investigated on a multifer-
roic magnetoelectric composite consisting of a piezomagnetic layer
and a piezoelectric layer with two un-coaxial cracks parallel to the
interface and each in a layer. Theoretical methods of generalized
dislocation simulation and Green’s function are combined together
to reformulate the mixed boundary value problem of cracks into
Cauchy singular integral equations, which are then solved by Lob-
atto–Chebyshev collocation method to yield the numerical results
of mechanical strain energy release rate (MSERR). Inﬂuence of geo-
metrical parameters on MSERR are discussed and three kinds of ef-
fects are disclosed, i.e., the shielding effect, the interference effect
and the free surface effect. These effects are then used to interpret
the characteristics of COD and MSERR curves when the positional
parameter or horizontal space of the cracks is varied. Finally, the
effects of shear loading, magnetic loading and electric loading on
MSERR are analyzed, respectively, by varying the corresponding
loading factor.Acknowledgement
This work is supported by AAFE.
Appendix A. Explanation on the crack-surface equivalent
loading
Assume that the multiferroic composite is in a homogeneous
magnetic or electric ﬁeld (H0 or E0) along the z-axis, and the top
and bottom surfaces of the composite are constrained mechani-
cally. Due to its linearity nature, the present crack problem can
be regarded as the superposition of two subproblems: (I) the com-
posite is un-cracked, and the generalized stress induced at y ¼ d1
and y ¼ d2 by the magnetic/electric loading and the mechanical
constraint are rzðx; d1Þ and rzðx;d2Þ, respectively; (II) the com-
posite is cracked as illustrated in Fig. 9, and it is only loaded on
the surfaces of the two cracks by equivalent generalized stress
rzðx; d1Þ and rzðx;d2Þ, accordingly.
Because the applied magnetic or electric loading and mechanical
constraint in subproblem (I) and material properties of the composite
are invariable along the x-axis, the generalized displacement u ¼
½u w u /T of subproblem (I)must be a function of a single coordi-
nate z. Then, the governing equations (5) - (8) can be reduced to be
@2uj
@z2
¼ 0; ðj ¼ 1;2Þ ðA-1Þ
Obviously, the generalized displacement is a linear function of z,
indicating that the generalized stress rz must be constant. Finally,
based on the continuity condition of generalized stress rz across
the interface, it is readily to infer that rzðx; d1Þ ¼ rzðx;d2Þ. There-
fore, the two cracks should be applied by the same equivalent load-
ing in subproblem (II).
Appendix B. Green’s functions
Theelements of the4 4 squarematrices LðIiÞ and LðIIiÞ (i ¼ 1;2) are
Green’s functions that have the form of inﬁnite integrals as follows.
Lði1Þ11 ¼
Rþ1
0 F
ði1Þ
11 ðnÞ cosðnsjÞ cosðnxÞ  Gði1Þ11 ðnÞ sinðnsjÞ sinðnxÞ
h i
dn
Lði1Þ1k ¼
Rþ1
0 G
ði1Þ
1k ðnÞ cosðnsjÞ sinðnxÞ  Fði1Þ1k ðnÞ sinðnsjÞ cosðnxÞ
h i
dn
9>=>;
ðB-1Þ
Lði1Þ21 ¼
Rþ1
0 G
ði1Þ
21 ðnÞ cosðnsjÞ sinðnxÞ  Fði1Þ21 ðnÞ sinðnsjÞ cosðnxÞ
h i
dn
Lði1Þ2k ¼
Rþ1
0 F
ði1Þ
2k ðnÞ cosðnsjÞ cosðnxÞ  Gði1Þ2k ðnÞ sinðnsjÞ sinðnxÞ
h i
dn
9>=>;
ðB-2Þ
Lði1Þ31 ¼
Rþ1
0 F
ði1Þ
31 ðnÞ cosðnsjÞ cosðnxÞ  Gði1Þ31 ðnÞ sinðnsjÞ sinðnxÞ
h i
dn
Lði1Þ3k ¼
Rþ1
0 G
ði1Þ
3k ðnÞ cosðnsjÞ sinðnxÞ  Fði1Þ3k ðnÞ sinðnsjÞ cosðnxÞ
h i
dn
9>=>;
ðB-3Þ
Lði1Þ41 ¼
Rþ1
0 F
ði1Þ
41 ðnÞ sinðnsjÞ sinðnxÞ  Gði1Þ41 ðnÞ cosðnsjÞ cosðnxÞ
h i
dn
Lði1Þ4k ¼
Rþ1
0 G
ði1Þ
4k ðnÞ sinðnsjÞ cosðnxÞ  Fði1Þ4k ðnÞ cosðnsjÞ sinðnxÞ
h i
dn
9>=>;
ðB-4Þ
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0 F
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dn
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1k ðnÞ cosðnsjÞ sinðnxÞ  Fði2Þ1k ðnÞ sinðnsjÞ cosðnxÞ
h i
dn
9>=>;
ðB-5Þ
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0 F
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31 ðnÞ sinðnsjÞ sinðnxÞ  Gði2Þ31 ðnÞ cosðnsjÞ cosðnxÞ
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dn
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0 F
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where j ¼ 1 when i ¼ I, and j ¼ 2 if i ¼ II. k ¼ 2;3;4. The expressions
of functions FðimÞrt ðnÞ and GðimÞrt ðnÞ (i ¼ I; II; m ¼ 1;2; r ¼ 1;2;3;4;
t ¼ 1;2;3;4) are omitted here for simplicity, and they are related
to the eigenvalues and eigenvectors of the governing equations,
which can be obtained by lengthy operation in Mathematica
software.
Appendix C. Square matrices Rðk1Þ, Rðk2Þ, Pðk1Þ and Pðk2Þ (k ¼ I; II)
The elements of Rðk1Þ and Rðk2Þ (k ¼ I; II) are
Rði1Þ11 ¼ Lði1Þ11 ; Rði1Þ2k ¼ Lði1Þ2k ; Rði1Þ31 ¼ Lði1Þ31 ; Rði1Þ41 ¼ Lði1Þ41
Rði2Þ11 ¼ Lði2Þ11 ; Rði2Þ2k ¼ Lði2Þ2k ; Rði2Þ31 ¼ Lði2Þ31 ; Rði2Þ41 ¼ Lði2Þ41
)
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Rði1Þ1k ¼
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where j ¼ 1 when i ¼ I, and j ¼ 2 if i ¼ II. k ¼ 2;3;4.
The elements of Pðk1Þ and Pðk2Þ (k ¼ I; II) are
Pðk1Þmt ¼ qðk1Þmt
Pðk1Þ4t ¼ qðk1Þ4t
)
; ðk ¼ I; II; m ¼ 1;2;3; t ¼ 1;2;3;4Þ ðC-4Þ
Pðk2Þmt ¼ qðk2Þmt
Pðk2Þ3t ¼ qðk2Þ3t
)
; ðk ¼ I; II; m ¼ 1;2;4; t ¼ 1;2;3;4Þ ðC-5Þ
where qðIjÞrt and q
ðIIjÞ
rt (j ¼ 1;2; r ¼ 1;2;3;4; t ¼ 1;2;3;4) are constants
determined by
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